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Abstract

We prove several results showing that the algebraic K-theory of valuation rings behave as though
such rings were regular Noetherian, in particular an analogue of the Geisser—Levine theorem. We
also give some new proofs of known results concerning cdh descent of algebraic K-theory.
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1 INTRODUCTION AND STATEMENTS OF MAIN RESULTS

Recall that a valuation ring is an integral domain O with the property that, given any elements f, g € O,
either f € gO or g € fO. Despite rarely being Noetherian, valuation rings surprisingly often behave like
regular Noetherian rings. The theme of this article is to explore the extent to which this is reflected in
their algebraic K-theory. The main results are largely independent of one another.

The primary new result is the following calculation of the p-adic K-theory of valuation rings of
characteristic p, analogous to Geisser—Levine’s theorem for regular Noetherian local rings [12]:

Theorem 1.1. Let O be a valuation ring containing F,, and n > 0. Then K, (O) is p-torsion-free and
there is a natural isomorphism K,(O)/p" = Wi QG 10g given by dlog[-] on symbols.

Here W,.Q¢, 1,4, often denoted by v;'(0), is the subgroup of the de Rham-Witt group W,Q¢, generated
by dlog forms; see Remark 2.3 for further information.

Let us sketch the ideas of the proof of Theorem 1.1. By a recent result of the second author joint with
Clausen—Mathew [7], the trace map tr : K, (—;Z/p"Z) — TC,,(—;Z/p"Z) is naturally split injective on
the category of local IF-algebras. The proof of this injectivity reduces Theorem 1.1 to showing that the
topological Hochschild and cyclic homologies of O behave as though it were a regular Noetherian local
F,-algebra, which in turn comes down to controlling the derived de Rham and derived de Rham-Witt
cohomologies of O. This may be done by means of deep results of Gabber—-Ramero and Gabber on the
cotangent complex and de Rham cohomology of valuation rings.

The second main result of the article is that the injectivity part of Gersten’s conjecture remains true
for valuation rings over a field; away from the characteristic this follows from the existence of alterations,
while the torsion-freeness in Theorem 1.1 provides the missing ingredient at the characteristic:
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Theorem 1.2. Let O be a valuation ring containing a field. Then K,,(O) — K, (Frac O) is injective for
alln > 0.

Presheaves which satisfy this injectivity property are studied in [19] where they are called “torsion
free”.

Another important feature of the K-theory of regular Noetherian rings is homotopy invariance. We
observe that this extends to valuation rings:

Theorem 1.3. Let O be a valuation ring. Then
(i) K,(O) = K,(O[Ty,...,Ty]) is an isomorphism for alld > 1 and n € Z;
(i1) K,(O) — KH,(O) is an isomorphism for all n € Z;

(iii) K,(O) =0 for alln < 0.

In fact, the “proof” of Theorem 1.3 is simply the fact, observed by Gersten and Weibel in the
1980s, that stable coherence and finite global dimension are enough for the usual proof (from the regular
Noetherian case) of the assertions to go through. Since these homological properties of valuation rings
have been known since the 1970s, Theorem 1.3 has in principle been available for many years. But we
are not aware of it having been previously noticed. We refer the interested reader to Remark 3.4 for
historical comments and relations to properties of algebraic K-theory in the cdh topology.

Remaining on the theme of cdh topology, we also give a new proof that K [%] satisfies cdh descent in
characteristic p in the following sense:

Theorem 1.4. Let
Y —= X'

L

Y —X

be an abstract blow-up square of schemes in which p is nilpotent; assume that X is quasi-compact quasi-
separated and that the morphisms X' — X and Y — X are of finite presentation. Then the resulting
square

K(X)[;] — K(X")[;]

is homotopy cartesian.

Theorem 1.4 is only conceivably new in the case that X is not Noetherian (and one can probably
even reduce to that case via Noetherian approximation), but the method of proof is completely different
to what has appeared previously: we replace all the schemes by their perfections (having reduced to the
case of F,-schemes) and then use results of Bhatt—Scholze [5] on the homological properties of perfect
schemes to check that Tamme’s recent excision condition [37] is satisfied. See Remark 4.4 for some
comparisons to related results.
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2 p-ADIC K-THEORY OF VALUATION RINGS IN CHARACTERISTIC p

The goal of this section is to prove Theorem 1.1 from the introduction. More generally, we work with
F,-algebras A satisfying the following smoothness criteria (Sm1-3), which we paraphrase by saying that
A is Cartier smooth:

(Sm1) QY is a flat A-module;
(Sm2) H,(Lyr,) = 0 for all n > 0;
(Sm3) the inverse Cartier map' C~!: Q% — H"(Q%) is an isomorphism for each n > 0.

The above criteria are of course satisfied if A is a smooth [Fp-algebra, or more generally if A is a regular
Noetherian Fp-algebra by Néron-Popescu desingularisation (an alternative proof avoiding Néron-Popescu
may be found in the recent work of Bhatt-Lurie-Mathew [2, Thm. 9.5.1]), or even an ind-smooth F-
algebra. However, in the case in which A is ind-smooth, the forthcoming results trivially reduce to the
smooth case, where they are known.

More interestingly, any valuation ring O of characteristic p is Cartier smooth: the first two criteria
are due to Gabber-Ramero [10, Thm. 6.5.8(ii) & Corol. 6.5.21], while the Cartier isomorphism (Sm3) is
a recent unpublished result of Gabber obtained by refining his earlier work with Ramero. (Of course,
resolution of singularities in characteristic p would imply that O is ind-smooth, but we wish to avoid
assuming resolution of singularities.) Therefore Theorem 1.1 is a special case of the following more
general result:

Theorem 2.1. Let A be any Cartier smooth, local Fp-algebra, and n > 0. Then K,,(A) is p-torsion-free
and there is a natural isomorphism K, (A)/p" = Wi 10g given by dlog[-] on symbols.

Remark 2.2. The extra degree of generality afforded by the axiomatic set-up of Theorem 2.1 is not
without interest. It also applies, for example, to essentially smooth, local S-algebras, where S is any
perfect ring of characteristic p.

Remark 2.3. We recall the definition of the group of dlog forms. Given a local Fp-algebra A, we define

WiV 1og © Wi to be the subgroup generated by dlog forms d[f‘ll]] /ARERVA ‘i[[o?‘n’i] , where aq,...,a, € A%;

i.e., the image of dlog[-] : KM (A) — W, Q%. If A is not necessarily local, then Wil 10y © W2 is
defined to be the subgroup generated Zariski locally by such forms; the fact that this coincides with
the more classical definition as the subgroup generated étale locally by dlog forms was proved in [29,
Corol. 4.2(1)].

In particular, under the hypotheses of Theorem 2.1, the canonical map KM (A)/p" — K,(A)/p" is
surjective. We do not know whether it is an isomorphism (even under the usual assumption that A has
large enough residue field), as we do not know of any way to control Milnor K-theory using derived de
Rham cohomology.

2.1 The de Rham—Witt complex of a Cartier smooth algebra

We study in this subsection the behaviour of certain functors, such as de Rham-Witt groups, on Cartier
smooth Fj,-algebras. In essence, we must show that all familiar results about the de Rham-Witt complex
extend from smooth algebras to Cartier smooth algebras, thereby justifying the well-known maxim that
it is the Cartier isomorphism which controls the structure of the de Rham—Witt complex.

Given a functor F : Fj-algs — Ab commuting with filtered colimits, let LF : F), -algs — D>o(Ab) be
the left Kan extension of its restriction to finitely generated free IF,-algebras. More classically, following
Quillen’s theory of non-abelian derived functors, LF(A) is given by the simplicial abelian group ¢ —
F(P,) (or more precisely the associated chain complex via Dold-Kan), where P, — A is any simplicial
resolution of A by free Fj-algebras.

Let A € F,,-algs and F a functor as above. In general, the resulting canonial map Hy(LF(A)) — F(A)
need not be an isomorphism; when this is true we will say that F is right exact at A. When H;(F(A)) =0

1For any Fp-algebra A, recall that the inverse Cartier map c-1: Q% — H™(Q%) is the linear map satisfying C~(fdg1 A
— -1
- ANdgn) = fPgb LoogP v g Ao+ Adgn.
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for all ¢ > 0, we will say that F is supported in degree 0 at A. Thus F is both right exact and supported
in degree 0 at a given A if and only if the canonical map LF(A) — F(A)[0] is an equivalence, in which
case we say that F is already derived at A.

The following lemma is straightforward but will be used repeatedly:

Lemma 2.4. Let F — G — H be a maps of functors [Fp, -algs — Ab which commute with filtered colimits,
such that 0 — F(R) — G(R) — H(R) — 0 is exact for any finitely generated free F,-algebra R. Fiz
A € Fp-algs.

(i) Suppose that two of F,G,H are already derived at A. Then so is the third if and only if the sequence
0— F(A) = G(A) —» H(A) — 0 is exact.

(i1) Assume that F and G are already derived at A, and that F(A) — G(A) is injective. Then H is
supported in degree 0 at A.

(i1i) Assume that F and H are supported in degree O at A. Then G is supported in degree 0 at G.

Proof. The hypotheses provide us with a fibre sequence LF(A) — LG(A) — LH(A) mapping to F(A4) —
G(A) — H(A). The assertions are then all easy to check. O

Proposition 2.5. The following functors are already derived at any Cartier smooth Fy-algebra:
Qr o ZQr BQM W,.Q.

Proof. The case of Q2" is classical: since the derived exterior power of an A-module may be computed
in terms of any flat resolution, the functor Q7 is already derived at any [F,-algebra satsifying (Sm1-2).
We now consider the complexes of functors

1) 00— S g Q) —5 0 — 0.
(i) 0 — ZQ" — Q" — Q" /ZQ" — 0.
(iii) 0 — Qn/zOr L ZQMH — HP Q) — 0.

The first complex is exact (i.e., C7! is an isomorphism) on any F,-algebra satisfying (Sm3), while the
second two complexes are obviously exact on any Fj-algebra. We now use Lemma 2.4(i) repeatedly.
First it follows that H™(Q?) is already derived at any Cartier smooth F,-algebra, whence the same is
true of ZQ° = H°(Q*). By induction, assuming that ZQ" is already derived at any Cartier smooth
F,-algebra, the second sequence shows that the same is true of Q" /ZQ™, and then the third sequence
shows that the same is true of ZQ"™. We have thus shown that ZQ" is already derived at any Cartier
smooth [Fp-algebra, for all n > 0.

The obvious cocycle-coboundary short exact sequence (and Lemma 2.4(i) again) then shows that
BQ" is also already derived at any Cartier smooth [F,-algebra, for all n > 0.

Now recall that the inverse Cartier map is used to define the higher coboundaries and cocycles for
any F,-algebra A,

0=:ByQ% C B} C---CZ1Q0% C ZQ) :=QY,

inductively as follows, for r > 1:

- Z,Q7% is the subgroup of Q7 containing BQY and satisfying Z,Q7% /BQ% = C~1(Z,_1Q7%).
- B,Q7 is the subgroup of Q7 containing BQ7 and satisfying B,Q%/BQ% = C~1(B,_10Q%).

(Minor notational warning: B1Q% = BQY, but the inclusion Z,Q7 C ZQ7 is strict if the inverse Cartier
map is not surjective.) Iterating the inverse Cartier map defines maps

CT QN — Z,Q%/B,Q%,

which are (for purely formal reasons) isomorphisms for all r,n > 0 if A satisfies (Sm3). By using
Lemma 2.4(i) in the same way as above, a simple induction on r then shows that the functors Z,Q” and
B.Q" are already derived at any Cartier smooth IFj-algebra.
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We now begin to analyse the de Rham—Witt groups, which are more subtle. We will use the following
collection of functors Fj,-algs —+ Ab and maps between then:

0

dvr! T R

0—>Z, Q" —— o P Yo vr-tor L w,on ——0

!

w,.Qr

=
ar
|
B,_Q"

;

We break this diagram into sequences (not even necessarily complexes; for example, it is not clear if
ZT,1(2271 is killed by dV"~! for arbitrary A) of functors as follows:

() 0= Z,_19" ' - Q"' 5 KerR — 0.
(ii) 0= Ker B — W, /vr=1or &ow,_ar o

(iii) 0= B, 0" —»qr YL yr1gn g
(iv) 0= V™1Q" — W,.Q" — W,Q" /Vm=1Qr — 0.

The row and column in the above diagram (hence sequences (i)—(iv)) are exact upon evaluating on any
smooth Fy-algebra, by Illusie [20, (3.8.1) & (3.8.2)].

We now claim inductively on r» > 1 that W, is supported in degree 0 on any Cartier smooth
Fp-algebra. Note that we have already established stronger statements for Q", Z,Q", B,Q} for all
r,n > 0. So Lemma 2.4(ii) and sequence (i) shows that Ker R is supported in degree 0 on any Cartier
smooth FF)-algebra; the same argument using sequence (iii) shows that the same is true of V"=1Q" . Then
Lemma 2.4(iii) and sequence (ii) (and the inductive hypothesis) show that W,.Q" /V"~1Q" is supported
in degree 0 on any Cartier smooth F,-algebra; the same argument using sequence (iv) shows that the
same is true of W™, completing the inductive proof of the claim.

To finish the proof we will show that W,Q" is right exact, i.e., Ho(LW, Q%) = W, for all IFp-
algebras A. We may and do suppose that A is of finite type over IF,. The key is to observe that the
data

@HO(LWTQZ) r>1
n>0

forms a Witt complex for A. This follows from functoriality of left Kan extension and the fact that
n = 0 part of the above sum is simply W, (A) (indeed, Lemma 2.4(i) and the short exact sequences
0 - W,y - W, - W; — 0 imply inductively that the functors W, are already derived at A).
Therefore universality of the de Rham-Witt complex yields natural maps Ag : W,.Q% — Ho(LW,.Q%)
such that the composition back to W, is the identity. Picking a finitely generated free IF,-algebra P
and surjection P — A, the naturality provides us with a commutative diagram

W,Q8, 22 Ho(LW,Q5) —= W, Q%

| | l

W, Q1 —24 Ho (LW, Q%) —= W, Q%
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The left and right vertical arrows are surjective since P — A is surjective; the middle vertical arrow is
surjective because Ho(LW,.7) is a quotient of W, Q% (by definition of Hy, since we may as well suppose
that P is the 0-simplices of a simplicial resolution of A). The indicated isomorphism holds because P
is free. Since both horizontal compositions are the identity, it follows from a diagram chase that all the
horizontal maps are isomorphisms. This completes the proof that W, Q" is right exact. O

We next study the usual filtrations on the Rham-Witt complex. Recall that if A is any Fp-algebra,
then the descending canonical, V-, and p-filtrations on W, are defined for ¢ > 0 respectively by

Fil' W, Q7% = Ker(W, Q7 £ w,Qn),
Fil}, W, Q7% = V'W,_,Q% +dV'W,_, Q%1
Fill W, Q7 := Ker(W, Q4 £ w,01).
Standard de Rham—Witt identities show that
Fil' W, Q% 2 Fili, W, Q% C Fil, W, Q7.

It was proved by Illusie [20, Prop. 1.3.2 & 1.3.4] that these three filtrations coincide if A is a smooth
[Fp-algebra. It was then shown by Hesselholt that the canonical and V-filtrations in fact coincide for any
F,-algebra (the key observation is that for any fixed ¢ > 1, the groups W, Q% / Fili/ Wi %, forn >0
and r > 1, have an induced structure of a Witt complex over A; a detailed proof in the generality of log
structures may be found in [18, Lem. 3.2.4]). For a general F,-algebra, the p- and canonical filtrations
need not coincide, but we show that this holds for Cartier smooth algebras:

Proposition 2.6. Let A be a Cartier smooth Fy,-algebra, and i,n >0, r > 1.
(i) the functors Fil' W,Q", Fili, W,Q", Fil;, W,.Qn, p'W,.Q", W,Q" /ptW,.Q" are already derived
at A;
(i) Fil' W, Q% = Fil}, W,Q1 = Fil, W, Q7%
Proof. We begin by reducing all assertions to the inclusion
Fil' W,Q7 2 Fil, W,Q7, (1)

so assume for a moment that this has been established. ,

Note first (even without (1)) from Proposition 2.5 and Lemma 2.4(i) that Fil' W,.Q" = Ker(R" ¢ :
W™ — W,;Q") is already derived at A. Moreover, as explained before the proposition, one has
Fil' W,Q" = Fill{, w.Qr C Fil; W,Q", with equality in the case of smooth Fj-algebras, so left Kan
extension and (1) give part (i) and imply that Fil° W,.Q" and Fil; W,Q" are already derived at A. Then

applying Lemma 2.4(i) to the functors Fil;fi W,Q" — W,Q" L piW,0" (the first two terms of which
have already been shown to be already derived at A) shows that p'W, Q" is already derived at A, and
then applying the same argument to the sequence p'W,Q" — W,.Q" — W,.Q" /p'W, Q" shows that
W,.Q" /ptW,.Q" is also already derived at A.

It remains to prove (f). For any smooth F,-algebra R there is a natural map of short exact sequences

0 —— Q%/Br1Qf g— Fil"? W, Q% _B) Qﬂfl/zrilgz,l .0

A

0——=on/B.on YV o Frw, 0n o qitlz o g
[20, (3.10.4)] in which p is characterised by the property that the composition

Fil' ' W, 1 Q% 2 P wLQn S Rl WL, Q7 C Rl WL, 01
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is multiplication by p. (The definition of 8 is unimportant but given in the top row by B(V™ 1z +
dV'=ly) =y, for z € Q% and y € Q" '; for B in the bottom row replace r — 1 by r.)

Upon left Kan extending and evaluating at A, we obtain the same map of short exact sequences but
with R replaced by A: here we use that Q", B,Q", Z,Q", and Fil' W, Q" are already known to be
derived at A. But the inverse Cartier maps

Ct Q% /B, Q% — Q% /B.Q% ct.ontz, 9%t — etz

are injective: this follows formally from the injectivity of C~1 : Q% — Q7% /BQ7 (similarly for n—1) and
the surjectivity (by definition of the higher coboundaries and cocycles) of C~1 : B,_1Q% — B,Q%/BQ7%
and C~1 : Zr_lﬁﬁ_l — ZTQZ_l/BQZ_l. Therefore the middle vertical arrow p : Fil" ™! W% —
Fil" W,11Q% is also injective and so, from the characterisation of p, we deduce that

Ker(Fil" ' W, Q% & Fil" ' W, Q%) € Ker(Fil" ' W11 Q% & Fil' "' W,Q7%) (= Fil” W,,,Q7%) .

It now follows easily by induction that Fil, W, Q7% C Fil" W, Q7. Indeed, this is vacuous if r = 0,
while if w € Fil) W,11Q% then Rw € Fill ' W, Q% C Fil"™' W, Q7 (the inclusion holds by the inductive
hypothesis) and so w belongs to Fil" ! Wy +1Q% and is killed by p, whence the previous equation shows
that w € Fil" W, 11Q7%, as desired. 4 ,

Replacing 7 by 7 — 1 to simplify notation, we have shown that Fil,”* W,.Q% C Fil"™* W,.Q7 for i = 1.
This easily extends to all > 1 by induction (which completes the proof): indeed, if w € Fil;™* W, Q) then
pi—l e Fﬂ;_1 W,.Q%, whence R(p*~'w) = 0 by the case i = 0; in other words, Rw € Fil;_l_(i_l) W,_1Q7%
and so the inductive hypothesis implies Rw € Film— 1= W,_1Q7%, ie., Riw = 0, as required. O]

Corollary 2.7. Let A be a Cartier smooth F,-algebra. The canonical maps

00— W.QY/pL - SW,0n 1 p S W0 /VIW,_, Q) S 0] — Q5"

and
W% /p — Q%

are quasi-isomorphisms.

Proof. The sequence of functors
n |4 n FT n
w,.Q" — W, 19" — Z,.Q" — 0

is exact when evaluated at any smooth Fp-algebra [20, (3.11.3)]. Since the three functors are already
derived at A by Proposition 2.5, left Kan extension shows that the sequence is also exact when evaluated
at A. (Here we implicitly use right exactness of left Kan extension: if 7 — G is a map of functors
F,-algs — Ab such that F(R) — G(R) is surjective for all free R, then Ho(LF(B)) — Ho(LG(B)) is
surjective for all B € F),-algs.)

It follows that the functor W, Q" /VW,_1Q" is already derived at A. Since the functors W,.Q" /p
and Q) are also already derived at A (by Proposition 2.6(i) and Proposition 2.5 respectively), the quasi-
isomorphisms follow by left Kan extension from the case of finitely generated free Fj-algebras, namely
[20, Corol. 3.20]. O

Theorem 2.8. Let A be a Cartier smooth Fp-algebra. Then
(1) W = lim W, Q7 is p-torsion-free.
(ii) FEWQD = d-1(p'WQR) for all i > 1.

Proof. Part (i) follows formally from the equality of the canonical and p-filtrations in Proposition 2.6(ii).

For (ii), let us first fix a finite level r and show that an element z € W, is in the image of
F W, — W,.Q% if and only if dz € pWTQZ‘H. The implication “only if” following from the
identity dF = pFd, so we prove “if” by induction on r; assume the result known at level r — 1 and
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suppose dx € pWTQZl“. Then dR"~'Z = 0, whence 7 € FW2Q7% (by the r = 1 case of the right exact
sequence from the start of proof of Corollary 2.7; this also proves the base case of the induction). Lifting
to level r and recalling that Fil' W,.Q7 = Fil%, W1 Q7% allows us to write x = Fz 4+ V2, 4+ dV 2, for some
A WT+1QZ, 21 € Wr_lQZ, 29 € Wr_lgz_l.

Applying Fd to the previous identity yields dz; = FdV 2z = Fdx —pF?dz € pWr,lQZH, whence the
inductive hypothesis allows us to write z; = F'z3 for some z3 € W,Q}. In conclusion,

t=Fz4+VFz +dVz =Fz+ FVz + FdV?2 € FW,1Q7%,

as required to complete the induction.

We now prove (ii); it suffices to treat the case i = 1 as the general case then follows by induction
using part (i). The identity V' F = p shows that the kernel of F' : W,.11 Q% — W, Q% is killed by p, hence
is killed by R by Proposition 2.6(ii). So, using also the finite level case of the previous paragraphs, the
sequence of pro abelian groups

0 — (W, %}, 5 (W04}, —L (W, Q5 /pW, Q7+,
is exact, and taking the limit yields the short exact sequence

0 — W5 -5 WQy =5 lim W05+ /pw, 5t ()

But the sequence of pro abelian groups
0 — (W5}, 2 (W5, — (W5t pw, Q5T
is also exact (again since p-torsion is killed by R), and so taking the limit shows that the final term in

(1) is WQH /pWw Q| as required to complete the proof. O

Remark 2.9. In terms of the functor n, [3, §6], the previous theorem implies that ¢ : WQ$% — n, WQ%
is an isomorphism and hence provides a quasi-isomorphism ¢ : WQ% = Ly, WQ$,.

2.2 The dlog forms of a Cartier smooth algebra

Recall from Remark 2.3 that, for any Fj,-algebra A, we have defined the subgroup of dlog forms
WTQﬁJOg C W, Q%. Alternatively, standard de Rham-Witt identifies imply the existence of a unique
map F : W,Q% — W,Q7%/ dV"‘leffl making the following diagram commute (in which 7 denotes the
canonical quotient map)

W, ——2  won

Rl i |-

W, —— s won Javriont

and it may then be shown that
W 1o = Ker(W, Q4 L5 W, /v =),

See [29, Corol. 4.2] for further details.
The following argument is modelled on the proof in special case when r = 1 and A is smooth [7,
Prop. 2.26]:

Lemma 2.10. Let A be a Cartier smooth Fp-algebra. Then the square

W /T — - WO /pr

| |

W,0n 2w Jdvr-ion,

18 bicartesian.
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Proof. Since the vertical arrows are surjective, we must show that their kernels are isomorphic, i.e, that

F—1:ITm(V"WQ, 4+ dV"WQ, — WL /p") — Im(V"WQ, 4+ dV"1Q" — WQy /p").

Surjectivity follows from surjectivity modulo p, which is a consequence of the identities in WQ%

(F—1)V ==V mod p, (F—l)dzvi:d_
>0

It remains to establish injectivity, so suppose that x € W’ is an element of the form z = V"y +dV"z
such that (F — 1)z € p"WQ%. Applying 1+ --- + F"~! we deduce that (F" — 1)z € p"WQ%, whence
dV'y =dx = p"F'dx — d(F" — 1)z € p"W; and so dy = F"dV"y € p"WQ%; therefore y = F"y’ for
some y' € WQ%4 by Theorem 2.8(ii).

We know now that x = p"y’ + dV"z; applying F" — 1 shows that (F" — 1)dV"z = d(1 — V")z is
divisible by p", whence (1 —V")z € FTWQ", by Theorem 2.8(ii) again. But 1 — V" is an automorphism
of W7 with inverse Y ,., V" (which commutes with F'), whence z = F"2’ for some 2’ € WQ7. In
conclusion x = p™y’ + p"dz’, which completes the proof of injectivity. O

In the case of smooth Fp-algebras, the following is an important result due to Illusie [20]:

Theorem 2.11. Let A be a Cartier smooth, local Fy-algebra. Then the canonical map WsQ4 ., /p" —
WAl 1og @S an isomorphism for any s > r > 1.

Proof. The sequence
0— WL /p*" Lo WL /p* — WQL/pT — 0

is short exact since W27 is p-torsion-free by Theorem 2.8. Taking F-fixed points and appealing to
Lemma 2.10 gives an exact sequence

p"
0 — WS—TQZJog — Wsﬂzylog — WT‘QZ,Iog'

But W€} 1o, = Wrd} |, is surjective since both sides are generated by dlog forms, and the analogous
surjectivity for r replaced by r — s shows that the image of the p” arrow in the previous line is p’”VVSQZ’IOg.

2.3 Proof of Theorem 2.1 via the trace map

This subsection is devoted to the proof of Theorem 2.1. Familiarity with topological cyclic homology is
expected (we use the “old” approach to topological cyclic homology in terms of the fixed points spectra
TR"(—;p) = THH(—)%"=", though the argument could be reformulated in terms of Nikolaus-Scholze’s
approach [31] and the motivic filtrations of [4].)

Given any smooth [F,-algebra R, the homotopy groups of TR"(R; p) have been calculated by Hesselholt
[17, Thm. BJ:

TR}, (R;p) = P W} .
i>0
These isomorphisms are natural in R and compatible with r in the sense that the restriction map
R" : TR?"(R;p) — TR"(R;p) induces zero on WQTQ”}%_21:, for ¢+ > 0, and the usual de Rham-Witt
restriction map R" : Wo, Q% — W, QF%, for ¢ = 0.

Therefore left Kan extending? shows that on any Fp-algebra A there is a natural descending N-
indexed filtration on TR"(A;p) with graded pieces €, ]LWTQZ_%; moreover, the restriction map R" :
TR?"(A;p) — TR (A; p) is compatible with this filtration and behaves analogously to the previous smooth
case.

2Note that TR"(—;p) : Fp-algs — Sp is left Kan extended from finitely generated free Fp-algebras. Indeed, this is true
for THH since tensor products and geometric realisations commute with sifted colimits, and then it is true by induction
for TR"(—;p) thanks to the isotropy separation sequences and the fact that homotopy orbits commute with all colimits.
See also [4, Corol. 6.8] for the construction of this filtration in the case of THH.
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Now let A be any Cartier smooth [Fp-algebra. Then LWTQZ*% ~ WTQZT% [0] by Proposition 2.5
and so the previous paragraph implies that the description of TR! (—;p) from the smooth case remains
valid for A. In particular we obtain natural isomorphisms of pro abelian groups {TR},(4;p)}r wit B =
{W: Q% }r wet R, whence taking the limit calculates the homotopy groups of TR(A; p) := holim, TR"(A; p)
as

TR, (4;p) = W3,
Writing TR(A;Z/p"Z) = TR(A; p)/p", we apply Theorem 2.8(i) to obtain
TR(A;Z/p"Z) = WL [p".

The previous two isomorphisms are compatible with the Frobenius endormorphisms F' of TR(R; Z,)
and WQ, (by left Kan extending the Frobenius compatibility of [17, Thm. B] from the smooth case),
thereby proving that the homotopy groups of TC(A;Z/p") := hofib(F—1: TR(A; Z/p"Z) — TR(A;Z/p"Z))
fit into a long exact homotopy sequence

S TCW (A Z)p"T) — WL p" =5 W pt — -
In this long exact sequence we may replace each map F — 1 by F — 7 : W,.Q% — W,.Q% /dV"~1Q% | by

Lemma 2.10, and so obtain a short exact sequence

0 — Coker(W, 5™ =55 w00 /v =1Q7) — TC (A Z/p"Z) — W, QL 10y — 0

(here we use the equality W, ,,, = Ker(F" — 7) from the start of §2.2).

Now pick a free F,-algebra surjecting onto A and let R denote its Henselisation along the kernel; then
R is a local ind-smooth F,-algebra and so the previous short exact sequence is also valid for R (since R
is also Cartier smooth). Putting together the short exact sequences for A and R yields a commutative
diagram with exact rows, in which we have included the trace maps from algebraic K-theory:

K, (R;Z/p"Z) tr
0 — Cloker(W, Q5 =5 W, Q5 /dVr=1Q3) —= TC, (R; Z/p"Z) —> Wy 0, —> 0
Ko (A Z)p ) b

0 —> Cloker(W, Q5™ =5 1,07 /dVr=101) —= TC, (A; Z/p"Z) —= W, Q% — 0
We claim that the composition
ca: Kn(A;Z/p"7) LN TC (A Z[p" L) — W) 1og

is an isomorphism. Since R is ind-smooth and local, the analogous composition cg for R in place of A
is an isomorphism by Geisser-Levine [12] and Geisser—Hesselholt [11]; see [7, Thm. 2.48] for a reminder
of the argument in the case r = 1.

According to the main rigidity result of [7], the square of spectra formed by applying tr : K(—;Z/p"Z) —
TC(—;Z/p"Z) to R — A is homotopy cartesian, yielding a long exact sequence of homotopy groups

oo — Kn(RyZ/p"L) — Kn(A;Z)p"2) @ TCH (R Z/p L) — TC, (A Z/p" L) — - --

But the trace map tr : K,,(R; Z/p"Z) — TC,(R;Z/p"Z) is injective (as cg is injective), whence this breaks
into short exact sequences and proves that the trace map square in the above diagram is bicartesian.

Next, the vertical arrow between the cokernel terms is an isomorphism since R — A is Henselian
along its kernel: see the proof of [7, Prop. 6.12]. Therefore the right-most square in the diagram is
bicartesian. Concatanating the two bicartesian squares shows that

K (RiZ/p"Z) —"= W, Q%

| |

Ko (A Z)p"T) —= W, Q14 |,

10
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is bicartesian. But we have already explained that cr is an isomorphism, whence c4 is also an isomor-
phism. Finally, note that c4 sends any symbol in K, (A;Z/p"Z) to the associated dlog form in Wl 1og
by the trace map’s multiplicativity [11, §6] and behaviour on units [11, Lem. 4.2.3]. The completes the
proof of Theorem 2.1. O

3 K-THEORY OF VALUATION RINGS

3.1 Gersten injectivity
Here we prove Theorem 1.2 from the introduction:

Theorem 3.1. Let O be a valuation ring containing a field, and n > 0. Then K,(O) — K, (FracO) is
injective.

Proof. Let p > 1 be the characteristic exponent of FracO. It is enough to show that Kn(O)[%] —

K, (Frac (’))[%] is injective: indeed, if p = 1 (i.e., charFracO = 0) then this is exactly the desired
assertion, while if p > 1 then we may remove the [%} since K,,(O) has been shown to be p-torsion-free
(Theorem 1.1).

By writing F' = Frac O as the union of its finitely generated subfields, and intersecting O with each of
these subfields, we may immediately reduce to the case that F' is finitely generated over its prime subfield
F. Fix a prime number ¢ # p and o € Ker(K,(O) — K, (F')). Pick a finitely generated F-subalgebra
A C O such that Frac A = F' and such that o comes from a class oy € Ker(K,,(A) = K, (F)). According
to Gabber’s refinement of de Jong’s theory of alterations [21, Thm. 2.1 of Exp. X], there exist a regular,
connected scheme X and a projective, generically finite morphism X — Spec A such that |K(X) : F| is
not divisible by £. _

Let O be the integral closure of O in K(X). The theory of valuation rings states that O has only
finitely many maximal ideal my, ..., my and that each localisation 6qu is a valuation ring (indeed, these
localisations classify the finitely many extensions of the valuation ring O to K(X) [10, 6.2.2]). By the
valuative criterion for properness, each commutative diagram

Spec K(X) = X

—

\L Hpq;///

—
—
—

Spec (5m1. - Spec O—— Spec A

may be filled in by a dashed arrow as indicated. Let z; € X be the image of the maximal ideal of 6mi
under p;.

Since X is quasi-projective over F, the homogeneous prime avoidance lemma implies the existence
of an affine open of X containing the finitely many points x1,...,r4. This is given by a regular sub-A-
algebra B C K(X) contained inside (), Om, = O and such that Frac B = K(X). After replacing B by
its semi-localisation at the radical ideal (), m; N B, we may suppose in addition that B is semi-local. The
situation may be summarised by the following diagram:

Spec K(X) ——= SpecB—— X

N

Spec (5m —> Spec O——> Spec A

The element a4 vanishes in K, (K (X)), hence also in K, (B) since Gersten’s conjecture states that
K, (B) = K,(K(X)) is injective [34, Thm. 7.5.11] (note that B is a regular, semi-local ring, essentially
of finite type over a field). Therefore o vanishes in Kn(a) Since O is an integral extension of O, it
is the filtered union of its O-algebras which are finite @-modules; let O’ C O be such a sub-O-algebra
such that « vanishes in K,(O’). Since finite torsion-free O-modules are finite free, there is a trace
map K,(O") — K, (O) such that the composition K, (0) — K, (0') — K,(O) is multiplication by

11
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m := |Frac @’ : F|, which is not divisible by ¢. In conclusion, we have shown that ma = 0 for some
integer m not divisible by ¢.

In other words, K,,(O) ) — Kn(F)s) is injective for all primes £ # p, which impies the injectivity of
Kn((’))[%] — Kn(F)[I%] and so completes the proof. O
Remark 3.2. The following streamlined proof of Theorem 3.1 has been pointed out to us by Antieau.
In case O contains Q, then resolution of singularities implies that O is a filtered colimit of essentially
smooth local Q-algebras A, whence the desired injectivity immediately reduces to the Gersten conjecture
for each A. When O contains F,, we combine the p-torsion-freeness of Theorem 1.1 with the isomorphism
of Remark 4.2 to reduce to the case that O is perfect; but then O is a filtered colimit of essentially
smooth local [F,-algebras by Temkin’s inseparable local uniformisation theorem [38, Thm. 1.3.2], which
as in characteristic 0 reduces the problem to the usual Gersten conjecture.

3.2 Homotopy invariance

Now we prove Theorem 1.3 from the introduction, entirely using classical methods; this is independent
of Section 3.1. We remark that parts of the following theorem have also recently been noticed by Antieau
and Mathew.

Theorem 3.3. Let O be a valuation ring. Then
(i) Kn(O) = K,(O[Ty,...,Ty]) is an isomorphism for alld > 1 and n € Z;
(ii) K,(O) — KH,(O) is an isomorphism for alln € Z;

(i11) K,(O) =0 for allm < 0.

Proof. Since assertions (i)—(iii) are compatible with filtered colimits we may assume that Frac O is finitely
generated over its prime subfield, and in particular that O is countable.

The usual proofs of the assertions (i)—(iii), in the case of a regular Noetherian ring, continue to work
for O once it is known, for all d > 0, that

(a) O[Ty, ...,Ty] is coherent, and
(b) every finitely presented O[T1, ..., T;]-module has finite projective dimension.

Indeed, see [39, Eg. 1.4] and [13] for a discussion of Quillen’s fundamental theorem and applications in
this degree of generality. See also [1, Thm. 3.33] for a proof of the vanishing of negative K-groups of
regular, stably coherent rings.

It remains to verify that O has properties (a) and (b). For (a), the coherence of polynomial algebras
over valuation rings is relatively well-known: any finitely generated ideal I of O[Ty,...,Ty] is a flat
O-module (since torsion-free modules over a valuation ring are flat), hence is of finite presentation over
O[Ty, ...,Ty] by Raynaud-Gruson [35, Thm. 3.6.4]. A textbook reference is [14, Thm. 7.3.3].

Next we check (b). A classical result of Osofsky [32, Thm. A] [33] states that a valuation ring O has
finite global dimension n + 1 if and only if X, is the smallest cardinal such that every ideal of O can be
generated by N,, elements. In particular, O has finite global dimension < 2 if and only if every ideal can
be generated by at most countably many elements (i.e., O is Ro-Noetherian); but this is manifestly true
in our case since we reduced to the case in which O is itself a countable set. In conclusion O has finite
global dimension, which is inherited by any polynomial algebra over it by Hilbert [40, Thm. 4.3.7], and
this is stronger than required in (b). O

Remark 3.4. Let X be a Noetherian scheme of finite Krull dimension. A conservative family of points
for the cdh site X qp is given by the spectra of Henselian valuation rings [9], and hence Theorem 3.3(iii)
implies that K4 = 0 for n < 0, where K¢ denotes the sheafification of the abelian presheaf K, (—)
on Xcan. In fact, this follows from the earlier result of Goodwillie-Lichtenbaum [15] that a conservative
family of points for the rh site is given by the spectra of valuation rings.

Since Xeqn is known to have cohomological dimension = dim X [36], we immediately deduce from the
resulting descent spectral sequence that K¢ (X) = 0 for n < —dim X, where K°(X) := H(Xqp, K)

12
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refers to the cdh sheafification of the K-theory presheaf of spectra. Moreover, combining Theorem 3.3(ii)
with Cisinski’s result [6] (proved around 2010) that KH satisfies cdh descent implies that K¢ (X) ~
KH(X), whence one immediately gets the following consequences:

(a) KH,(X) = 0 for n < —dim X; this was first proved in 2016 by Kerz—Strunk [24] via their usage
of Raynaud-Gruson flattening methods. (It is important to note that the proof of Theorem 3.3
crucially uses Raynaud-Gruson to check that valuation rings are stably coherent.)

(b) If p is nilpotent in X then Kn(X)[%] = 0 for n < —dimX (since the nilpotence of p implies

KH(X )[%] =K(X )[%] and then we can apply (a); alternatively, once can avoid Cisinski’s result by
appealing instead to Theorem 4.3 to see that K [Z%] satisfies cdh descent); this was first proved in
2011 by the first author’s use of alterations and ¢dh topologies [22].

3.3 A surjectivity result

Here we establish a surjectivity result (Corollary 3.6) which was not stated in the introduction but which
plays a role in the first author’s new approach to comparing cdh and ¢dh topologies [23, Thm. 1].

Lemma 3.5. Let k be a perfect field, O 2O k a valuation ring, and p C O an ideal along which O is
Henselian.

(i) If F : k-algs — Sets is a functor which commutes with filtered colimits and p is the mazimal ideal
of O, then F(O) — F(O/p) is surjective.

(i) If F : k-algs — Spectra is a functor which commutes with filtered colimits, is nil-invariant, and
satisfies excision,® then m,F(O) — m,F(O/p) is surjective for all n € Z.

Proof. (i). Assume p = m is the maximal ideal of O, and let @ € F(O/m). Since O/m is the filtered
union of A/(mN A), as A runs over all finitely generated k-subalgebras of O, we pick such an A such
that o comes from some class a4 /mna € F(A/(mN A)). Let q:=mN A and let Ag be the Henselisation

of Ag C O at qAg; note that the inclusion A — O factors through AZL, by functoriality of Henselisation.
The completion Zl\q admits a coefficient field containing k by Cohen [28, Thm. 60], whence the image of

@ 4/q in F(Aq/qA,) may be lifted to Kn(gq); by Artin approximation (or Néron—Popescu desingularision)
it may therefore be lifted to « an € F (Ag) (note here that Aq is essentially of finite type over a field, in
particular it is excellent). The image of a4 in F/(O) is of course the desired lift of o.

(ii): Replacing p by its radical (using invariance of F' for locally nilpotent ideals), we may assume
that p is a prime ideal. Then standard theory of valuation rings states that the localisation O, is a
valuation ring with maximal ideal p. Thus we may apply excision to the data p € O C O, and so obtain
a long exact Mayer—Vietoris sequence

oo — T F(O) — 1, F(O)p) & 1, F(Op) — mp F(Op/p) — ...

But O, is Henselian along p (here we use the fact the Henselianness along an ideal depends only the ideal
as a non-commutative ring, not on the ambient ring [8, Corol. 1]), so part (i) implies that 7F,(O,) —
T F'(Oy /) is surjective for all n € Z. Therefore the long exact sequence breaks into short exact sequences
and moreover each map 7, F(O) — m,F(O/p) is surjective. O

Corollary 3.6. Let O be a valuation ring containing a field, and p C O a prime ideal along which O s
Henselian. Then K,(O) — K,(O/p) is surjective for all n € Z.

Proof. We apply Lemma 3.5(ii) to the functor KH, which satisfies all the hypotheses by Weibel [39], and
then use Theorem 3.3(ii) to identify K and KH of valuation rings. O

3By “excision” we mean that whenever A — B is a homomorphism of k-algebras and I C A is an ideal which is sent
isomorphically to an ideal of B, then the induced map of relative theories hofib(F(A) — F(A/I)) — hofib(F(B) — F(B/I))
is an equivalence.

13
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4 CDH DESCENT FOR PERFECT SCHEMES

In this section we give a new proof that K[1] satisfies cdh descent in characteristic p. In the following
lemma the notation Apers := li_r)n@ A denotes the colimit perfection of any F,-algebra A:

Lemma 4.1. Let A be an Fy-algebra. Then the canonical map K(A)[%] — K(Apcrf)[%] is an equivalence.
Proof. Since Apef is unchanged if we replace A by Ayeq, and A — A,eq induces an equivalence on K [%}
(since K [%] is invariant under locally nilpotent ideals in characteristic p), we may replace A by A,eq and
so assume that the Frobenius ¢ is injective on A. It is then clearly enough to show that p(A) — A
induces an isomorphism on K[=]. Changing notation and taking a filtered colimit, this reduces to the

1
following claim: :

Let A C B be an extension of rings such that B = A[b] for some b € A such that b* € A.
Then K(A)[]%] — K(B)[%] is an equivalence.

Let A C B be as in the claim and set a := b? € A. The map A[X]/X? —a — B, X — b is surjective
and has nilpotent kernel (any element f in the kernel satisfies fP € A, but A — B is injective), hence
induces an equivalence on K [Il)] by nil-invariance of K [%] in characteristic p. Thus we have reduced to
the special case B = A[X]|/X? — a.

To treat the special case we consider the base change square

AY)/Y? — a2~ BY]/Y? —a
f f!

"AC

in which all maps are finite flat. The map f” is split by the B-algebra homomorphism B[Y]/Y?P —a — B,
Y — X, whose kernel is nilpotent (similarly to the previous paragraph); therefore, again using nil-
invariance of K[%], we have shown that f’* is an equivalence on K[%]. But f.f™* = p, so fi is also an
equivalence on K [%] The same argument, swapping the roles of X and Y, shows that ¢’* and ¢ are
equivalences on K [%]

Base change for algebraic K-theory tells us that g* f. = flg™* : K(A[Y]/Y? —a) — K(B), whence
we deduce that g* f, is an equivalence on K [%] But f, is surjective on homotopy groups since f,f* = p,
whence it follows that both ¢g* and f, are equivalences on K [%] O
Remark 4.2. The higher K-groups K,, n > 1, of any perfect [Fp-algebra are known to be uniquely
p-divisible [26, Corol. 5.5]. Therefore the previous lemma implies that K,L(A)[%] & Ky (Aper) for n > 1.

The previous lemma may be combined with results of Bhatt—Scholze and Tamme to prove a cdh

descent result for K [%] in characteristic p (which is not really new; see Remark 4.4), namely Theorem 1.4
from the introduction:

Theorem 4.3. Let

Y/*i>X'

,

Y —X

be an abstract blow-up square of schemes on which p is nilpotent; assume that X is quasi-compact quasi-
separated and that the morphisms X' — X and Y — X are of finite presentation. Then the resulting
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square

is homotopy cartesian.

Proof. Using once again nil-invariance of K[1] we may apply — ®z Z/pZ to the diagram and so reduce
to the case of F)-schemes. By Lemma 4.1 it is then enough to prove the stronger statement that

K(Xperf) - K(X;/)erf)

L

K(YPETf) - K(Yp/crf)
is homotopy cartesian. To do this we appeal to Tamme’s excision condition [37, Thm. 18], which states
that it is enough to check that the square of stable co-categories

Dae(Xpert) — Dqc (X],)erf)

l |

Dae(Ypert) — Dqc (Y;:erf)

has the following two properties:
(a) it is a pull-back of co-categories;

(b) the right adjoint Ri, : Dgo(Y,

Sert) = Dac(X [ epp) is fully faithful.
Both these properties about perfect schemes are due to Bhatt—Scholze. Firstly, the pull-back condition
(a) is [5, Corol. 5.28]. Secondly, condition (b) is a consequence of Li*Ri, = id, which follows from the

fact that if S — S/I is a surjection of perfect F,-algebras, then S/I ®% S/I = S/I [5, Lem. 3.16]. O
Remark 4.4. We review some previous proofs of cdh descent properties of K-theory.

(i) Firstly, if X were assumed to be of finite type over a perfect field of characteristic exponent p > 1
admitting resolution of singularities in a strong sense, then Haesemeyer’s argument [16] would show
that KH satisfies cdh descent, thereby giving the homotopy cartesian square for K [%] replaced by
KH; but then one can invert p and use that KH[%] = K[%] when p is nilpotent.

Alternatively, under the same assumptions on X and the base field, trace methods were used by
the second author [30] to establish pro cdh descent, namely that the square of pro spectra

(K} — K(X)

L

{K(Yr)}r — K(X)

is homotopy cartesian, where Y, is the r*"-infinitesimal thickening of Y in X (and similarly for Y).
Since K [%] is invariant under nilpotent ideals when p is nilpotent, inverting p then yields the same
homotopy cartesian square of Theorem 1.4.

(ii) Alternatively, assuming only that X is Noetherian and of finite Krull dimension, Cisinski showed
that KH satisfies cdh descent [6], again giving the desired homotopy cartesian square for KH rather
than K [%]
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(iii) Kerz—Strunk—-Tamme have proved pro cdh descent [25] for Noetherian schemes without any hy-

potheses on resolution of singularities. As in (i), inverting p then gives the homotopy cartesian
square of Theorem 1.4 assuming that X is Noetherian.

(iv) Most recently, Land-Tamme have substantially clarified the theory of cdh descent for arbitrary

“truncating invariants” [27].
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